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Abstract 

The Vaidya solution describes the gravitational collapse of a finite shell of in- 
coherent radiation falling into fiat spacetime and giving rise to a Schwarzschild 
black hole. There has been a question whether closed trapped surfaces can 
extend into the fiat region (whereas closed outer trapped surfaces certainly 
can). For the special case of self-similar collapse we show that the answer is 
yes, if and only if the mass function rises fast enough. 
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1. Introduction 



What is a black hole? A possible answer is that a black hole is a region of 
an asymptotically flat spacetime bounded by an event horizon. Because the 
event horizon has a teleological character — it can be located only when the 
full solution is known — other answers have been sought [1, 2, 3]. They rely on 
the occurence of trapped surfaces in the interior. A possible "boundary" of 
the black hole region might be a dynamical horizon, a spacelike hypersurface 
foliated by marginally trapped surfaces and typically lying well inside the 
event horizon. But there are difficulties with such a definition too. Here it 
seems pertinent to ask for the boundary of the region of spacetime through 
which closed trapped surfaces pass. It was conjectured by Eardley that a 
closed outer trapped surface passes through every point interior to the event 
horizon [4], but if the surfaces are required to be genuinely trapped the 
corresponding statement is not true in general [5]. The boundary we ask for 
will lie somewhere in between a dynamical horizon and the event horizon 
(unless these coincide, as they do in the stationary case). 

In this note we address a very concrete question. Consider the spherically 
symmetric Vaidya solution [6, 7] 

^-^1- j dv^ + 2dvdr + r^de^ + sin^ _ 

Einstein's equations read 

2777- 

Gab = 87rTab = -^IJb , la = -V„^; . (2) 

Thus la is a null vector field, and the energy-momentum tensor is that of 
a radiation fluid. The energy conditions are obeyed provided that m > 0, 
where the dot denotes differentiation with respect to v. But otherwise the 
rate at which radiation comes in is at our disposal. A simple choice, leading 
to a self-similar spacetime, is [8] 

' , v<0 

I fiv , 0<v< M/n . (3) 
M , w > M/^i 

This describes a finite shell of radiation entering fiat spacetime from past 
null infinity, ending in a vacuum Schwarzschild black hole when the infiow 
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stops. 

For the Vaidya solution Ben-Dov has shown that Eardley's conjecture is 
true [5]. However, this result concerns outer trapped surfaces, that is closed 
spacelike 2-surfaces whose outer null expansion is negative. For trapped 
surfaces, having both null expansions negative, Ben-Dov was able to show 
that there is a region of fiat spacctime, inside the event horizon, into which 
no closed trapped surface can extend. The question whether closed trapped 
surfaces are able to extend into any part of the flat region was left open, and 
numerical investigations have so far not settled it [9]. We will now proceed 
to answer this question for the special case of self-similar collapse. In a 
companion paper we discuss the issues in greater generality [10]. 



2. Basic facts 



The solution is shown as a Penrose diagram in Fig. 4 (where it has been 
decorated with some extra structures to be encountered as we go on). Note 
that the part of flat space lying inside the black hole is a causal diamond: it 
is the intersection of the interior of two light cones, the event horizon and the 
inner part of the dust shell. The proper length of the geodesic connecting 
their vertices represents the maximum time an observer can live in this region, 
and will be calculated in eq. (23). 

The curved region certainly contains closed trapped surfaces. The round 
spheres r = constant, v — constant are trapped if and only if r < 2m{v). 
Hence there is an apparent horizon at 

V 1 , ^. 

r = 2m <(=^ X = - — — . (4) 

r 2/1 ^ ^ 

Note the introduction of the variable x, which is a convenient one to use in 
the self-similar Vaidya region. In the Vaidya region the apparent horizon is 
a spacelike hypersurface, and in fact a dynamical horizon. In the self-similar 
case it is intrinsically flat, and the trace of its extrinsic curvature is 

We know that a naked singularity will occur if and only if < 1/16 [8, 11]. 
Intuitively, the infinite mass density that would occur in a flat background 
becomes clothed only if the mass function rises fast enough, and we will 
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assume that it does. Thus we study genuine black hole spacetimes without 
naked singularities, and it is our aim to construct closed trapped surfaces 
entering the flat region. 

We will need the null expansions for some special 2-surfaces. We quote 
them in a form that applies to any choice of the mass function. First we 
consider the 2-surfaces 



The first fundamental form is 



r = Rip) V = Vip) . 



d-f'^ = Adp^ + R^d(p'^ , 



A = V' 



.R'-U-'^)v' 



(6) 



(7) 



where the prime stands for differentiation with respect to p. For spacelike 
2-surfaces we demand A > 0, hence we must have V ^ 0. It follows that 
R' — Q can occur only inside the apparent horizon. Normal vectors to the 
2-surfaces include 



1 



n — 



-R'dv + V'dr) , e^RdO ] -n^ = = 1 , n • e = . (8) 



The corresponding null normals are 

A;± = n ± e 

The null expansions are 



(9) 



I ( R!V" - V'R" + ^R'V'^ - 
A V R^ R 



and they are equal to each other. 

We will also consider the 2-surfaces 



R' V'^ 
R+R^' 



-R^ 



0) 



= <^ = e(p) r = ro V{p) . (11) 

The first fundamental form is 

dj' = Adp' + rldip' , A = - l) + rle" , (12) 
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and again we demand A > 0. We assume that we are inside the apparent 
horizon, in which case normal vectors to the 2-surfaces include 



n = dr e = ^ ' — V'd0 - Q'dv - ^ dr . (13) 

Again the null normals are given by /c± = n ± e. The null expansions are 



2m -j^ 

2Ai 



X 



± r(ev" - ve") + ^ ( {v'\i --)- 2r''e'^\ ± ^ cot el (m) 

r V r J r ^ 



In the Schwarzschild region m = 0, and the last term vanishes. 



3. Plan 



The idea behind the construction to follow is simple. We start with a trapped 
surface in the flat region, say a hyperboloid "bending down in time" . Topo- 
logically this is an open disk. It passes through the origin in flat space, and 
meets the shell of radiation in a circle. In the Schwarzschild region as well 
wc can flnd a trapped surface meeting the shell in a circle, say the cylindrical 
2-surface 

r = constant < M , 9^-. (15) 

By means of either eq. (10) or eq. (14) we can check that this cylinder 
does have both null expansions negative (and it will be marginally trapped if 
r = M). Now we must do two things: we must interpolate between these two 
surfaces in the Vaidya region, and we must "cap" the cylinder to ensure that 
the surface becomes closed. For the last part our idea is to join the cylinder 
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Figure 1: A closed trapped surface we want to construct. The vertical coordinate 
is t = V — r, while the horizontal one is r. One dimension has been suppressed, 
and the 2-surface appears as a curve. The Vaidya region has been shrunk to a 
very thin shell, causing the trapped curve to have kinks as it passes through it. 

to a hemispherical cap; whether this can be done while keeping both null 
expansions negative will be decided by eq. (14). Fig. 1 clarifies our plan. 

4. A family of trapped surfaces in the flat and Vaidya region 

In flat space we obtain a marginally trapped (but not closed!) surface by 
setting 9 = 71/2 and t = constant, where t = v — r. Wc obtain a family of 
trapped surfaces of this type by choosing the hyperboloids 

{t - toY -r^^k^ , t^to- Vr2 + , to < k . (16) 
The expansions are 

H{k±) = -I ■ (17) 
In a f — r-diagram these surfaces obey 
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0<^<1. (18) 
or 

In particular they meet the Vaidya region — at v — — with a slope that is 
less than one, but otherwise arbitrary. 

The Vaidya region requires more care. The surface will be defined by eqs. 
(6), with 

dV a ^ V 

Here a and b are positive real numbers at our disposal. The differential 
equation can be solved straightforwardly [11, 10], if we rewrite it as 

To ensure that the solution has the properties we want it to, we choose 

A' = a-^>0 ^ Ay>b. (21) 
4 b 

In particular this condition ensures that the first and second derivatives have 
the same sign. 




dE^~ a'^RK dR 



(22) 



In the V — r-diagram the curve becomes vertical ed, X — b. A look at Fig. 2 
may be helpful here. 

We note in passing that radial null geodesies are given by the same dif- 
ferential equation (19), with a = 1/ n, b = l/2fi. This allows us to locate the 
event horizon, and also to calculate the maximum time At an observer can 
five in the flat region inside the black hole. This lifetime grows with M, and 
equals 

At = AM exp I , ^ arctan , ^ \ < AM . (23) 

Thus, the larger the rate the sooner the event horizon starts to develop. 
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The surface we have defined must be matched properly to trapped surfaces 
in the fiat and Schwarzschild regions. To ensure that it matches to a trapped 
hyperboloid in the flat region we require 



< 1 ? < 1 ■ (24) 

x=o " 



dV 
dR 

This ensures that the first derivative can be made continuous. There will be 
a finite jump in the second derivative. We will accept this, although in the 
end the construction can be made smoother, should one insist on it. The 
Schwarzschild region begins at V = M//x. At this boundary we want to join 
our surface to a trapped cylinder with R = 7M, where 7 < 1. The curve is 
now vertical {X = b), so the requirement becomes 

6 = — . (25) 

7/i 

Again this ensures that first derivatives are continuous. But now we have 
imposed a restriction on the mass function, namely 

1 b 1 

76 4a7 47 

Recall that b/a > 1 and 7 < 1. In the next section we will see that we must 
impose a somewhat stronger condition on 7 when we "cap" the surface in 
the Schwarzschild region. In the final section we observe that a restriction 
on fi of roughly this order can be deduced on general grounds, so the fact 
that such a restriction arises is not an artefact of the special way in which 
we construct the closed trapped surface. 

We must ensure that our surface is spacelike. This will be so if A > in 
eq. (7), and given b > a this holds for all X provided that 

a > - . (27) 
A* 

This is unproblematic. Finally we must check that the surface is indeed 
trapped. A calculation starting from eq. (10) shows that the null expansions 
are given by 



-N 



{an - 1) (a + 3(6 - a)X + (2a/^ - l)^^) + (6 - a) (26 - a) 



(28) 
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Figure 2: A v — r-diagram, drawn for the case /x = 1/2. The trapped sur- 
faces discussed in the text are represented by curves that become vertical at 
V = M/fi = 2M, and He to the left of the curve representing the marginally 
trapped surface. From the companion paper [10] we know for certain that no 
closed trapped surfaces can extend below the dashed line. Readers who prefer 
Penrose diagrams are referred to Fig. 4. 



where 

N = — - (29) 

2rv^(26-a + 2(/ia- l)X)3/2 ■ ^ ' 

With the conditions already imposed the expansions are indeed negative, and 
we are done. 

One additional detail is worth giving: Suppose the surface enters the 
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Schwarzschild region at r = r^. Then it enters the Vaidya region from flat 
space at 



ro = rs exp 



b b 
■— arctan — - 
A 2A 



(30) 



This follows [10] from the explicit solution of eq. (20). 

To summarize, we have found a trapped surface that begins as a piece of a 
hyperboloid (say) in Minkowski space, continues through the Vaidya region, 
and joins the trapped cylinders at r < M in the Schwarzschild region. It is 
depicted in Fig. 2. But it is still not a closed surface. Two minor comments: 
The surface is only C^^ , but making it smoother presents no real difficulty. 
It is marginally trapped if a = 6 = l//x, and if the hyperboloid is replaced 
by a plane in the flat region. 

5. Closing the trapped surfaces in the Schwarzschild region 

We are now safely in the Schwarzschild region, and our surface is joined to 
a cylinder at r = 7M, 7 < 1. We must add a hemispherical cap to it. This 
piece of the surface will be of the form (11), with V — p. The surface is 
in effect described by a curve in the — V^-plane, see Fig. 3. The null 
expansions are given by eq. (14), and we can bring this to slightly more 
manageable form by introducing the dimensionless variable a, 

a = VhM - ao , (31) 

where ctq is a constant we can adjust so that we start "bending" the curve 
at (7 = 0. Let © be the derivative of © respect to cr, and assume that 

cot © > , © < . (32) 

A calculation now shows that both null expansions will be negative if and 
only if 



(33) 
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Our "initial data" are = 7r/2, = Oato" = O. We have not been able 
to handle the inequality in general. Let us just remark that as soon as a 
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Figure 3: "Capping" : In the @ — F-plane the straight line coming in from the left 
represents a cylinder, and the dashed line a round sphere. The curve interpolates 
between them with a quadrant of a circle, resulting in the intrinsic geometry shown 
on the right. 



negative second derivative develops, there will be restrictions on 7 stronger 
than the condition 7 < 1 that we have already imposed. 

A simple choice of the function ©(cr), leading to a curve with continuous 
first derivatives, is to take a quadrant of the circle 



TT A 2 " ,-,71" 



e-- + 6\ +a' = 6\ 0<6<-. (34) 

This joins the initial cylinder to a portion of one of the standard trapped 
round spheres at o" = constant > 0. At u = the trapping condition (33) is 
obeyed provided that 




Hence 



(35) 



5 = J 7 < 0.68514 . (36) 



2 

We have checked numerically that with this restriction the inequahty (33) is 
obeyed for all < a < 7r/2, so this does it: we do have a closed trapped 
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surface that begins in the flat region and ends in Schwarzschild. Topologically 
it is a 2-sphere. 

Clearly the construction can be improved by changing the precise shape of 
the curve in the 9 — y-plane. The best we were able to do (using a segment of 
an ellipse rather than a segment of a circle) was 7 < 0.75. Another possibility 
would perhaps be to start "capping" the surface already in the Vaidya region, 
but we have not considered this. 



6. Discussion 



In the self-similar Vaidya solution we have constructed closed trapped sur- 
faces that begin in the flat region, pass through the shell, and end in the 
Schwarzschild region. See Fig. 4. The mass function is given by eq. (3) and 
the construction works provided that 

On the other hand we know from the companion paper [10], using an argu- 
ment based on the interplay between the Kerr-Schild vector field [12] and the 
trapped surfaces, that it is impossible to construct a closed trapped surface 
entering the flat region if 

l^<l- (38) 

It will be observed that there is a gap between these two results. 

Indeed our construction is not optimal. We indicated a way in which the 
number 0.68 in inequality (37) can be increased somewhat. It must however 
be kept smaller than one for the kind of surface we consider. We do not 
know what one can achieve if one gives up axial symmetry of the surfaces, 
say. On the other hand we do know that the inequality (38), which rules out 
closed trapped surfaces extending into the flat region, can be relaxed. The 
true limit must lie somewhere in between. 

Like Ben-Dov's construction of closed outer trapped surfaces [5], our re- 
sult serves to underline the fact that the teleological character of event hori- 
zons has a translation into a "non-local" property of closed trapped surfaces. 
They can live partly in a region of spacctime whose entire past is flat, if 
energy falls across them elsewhere to make their closure possible. 
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Figure 4: A Penrose diagram of tlie Vaidya solution for a mass function rising 
quickly enough for a closed trapped surface to penetrate into the fiat region. It is 
shown as a dotted line emerging into the Schwarzschild part as a finite part of a 
line of constant r. Closed trapped surfaces cannot extend below the dashed line 
[10]. The part of flat space that lies inside the event horizon is shown without 
conformal distortion. 
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